New class of generating functions associated with generalized hypergeometric polynomials  by Pathan, M.A. et al.
J. Math. Anal. Appl. 285 (2003) 642–650
www.elsevier.com/locate/jmaa
New class of generating functions associated with
generalized hypergeometric polynomials
M.A. Pathan,a,∗ N.U. Khan,a and M.I. Qureshi b
a Department of Mathematics, Aligarh Muslim University, Aligarh 202002, India
b Department of Applied Sciences and Humanities, Faculty of Eng. and Tech., Jamia Millia Islamia,
New Delhi 110025, India
Received 10 July 2002
Submitted by H.M. Srivastava
Abstract
In this paper authors prove a general theorem on generating relations for a certain sequence of func-
tions. Many formulas involving the families of generating functions for generalized hypergeometric
polynomials are shown here to be special cases of a general class of generating functions involving
generalized hypergeometric polynomials and multiple hypergeometric series of several variables. It
is then shown how the main result can be applied to derive a large number of generating functions
involving hypergeometric functions of Kampé de Fériet, Srivastava, Srivastava–Daoust, Chaundy,
Fasenmyer, Cohen, Pasternack, Khandekar, Rainville and other multiple Gaussian hypergeometric
polynomials scattered in the literature of special functions.
 2003 Elsevier Inc. All rights reserved.
Keywords: Multiple Gaussian hypergeometric functions; Pochhammer symbol; Bounded multiple sequence;
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1. Introduction
In order to give a multidimensional extension to a new class of generating functions,
a function F [z1, . . . , zr ] of several complex variables z1, . . . , zr is defined by the formal
series,
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∞∑
k1,...,kr=0
C(k1, . . . , kr )z
k1
1 . . . z
kr
r , (1.1)
where the bounded multiple coefficients C(k1, . . . , kr), kj  0, ∀j ∈ {1,2, . . . , r}, are ar-
bitrary constants, real or complex. Corresponding to (1.1), Srivastava and Buschman [13]
introduced the following set of polynomials [13, p. 368 (35), p. 369 (40)],
Ω(α,β)n [λ1, . . . , λr ; q1, . . . , qr; z1, . . . , zr ]
=
qn∑
k1,...,kr=0
(−n)q(1+ α + (β + 1)n)λC(k1, . . . , kr)zk11 . . . zkrr
(1 + α + βn)q+λ (1.2)
and
Λ(α,β)n [λ1, . . . , λr ; q1, . . . , qr; z1, . . . , zr ]
=
qn∑
k1,...,kr=0
(−n)q(α + (β + 1)n)λC(k1, . . . , kr)zk11 . . . zkrr
(1+ α + βn)q+λ , (1.3)
where α,β and λ1, . . . , λr are arbitrary real or complex numbers independent of n and
q1, . . . , qr are positive integers and n= 0,1,2, . . . , and where
q = q1k1 + · · · + qrkr, (1.4)
λ= λ1k1 + · · · + λrkr, (1.5)
and (a)n denote the Pochhammer symbol defined by
(a)n = Γ (a + n)
Γ (a)
=
{1, n= 0, a = 0,
a(a + 1) . . . (a + n− 1), n= 1,2,3, . . . .
Several authors investigated from time to time many different families of generating
functions associated with the sets of polynomials, defined by (1.2) and (1.3). In the fairly
vast literature on generating functions, many more sets of polynomials analogous and vari-
ants of those mentioned above can be found. For example, we choose to recall here the
following associated sets of polynomials considered by Srivastava ([15, p. 455 (2), p. 196
(63)], see also [10, p. 1079 (2)] and [12, p. 501]) which are relevant to the present investi-
gation:
∆(α,β)n [q1, . . . , qr; z1, . . . , zr ] =
qn∑
k1,...,kr=0
(−n)qC(k1, . . . , kr)zk11 . . . zkrr
(α + βn+ 1)qk1! . . .kr ! , (1.6)
Θ(α,β1,...,βr )n [q1, . . . , qr; z1, . . . , zr ] =
qn∑
k1,...,kr=0
(−n)q(β1)k1 . . . (βr)kr zk11 . . . zkrr
(1 + α)qk1! . . .kr ! ,
(1.7)
where q and λ are given by (1.4) and (1.5), respectively.
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[15, p. 64 (18,19)] of n variables (which is referred to in the literature as the generalized
Lauricella function of several variables) defined by
FA:B
(1);B(2);...;B(n)
D:E(1);E(2);...;E(n)

 [(aA): θ(1), θ (2), . . . , θ (n)] : [(b(1)B(1)): Φ(1)] ;
[(dD): Ψ (1),Ψ (2), . . . ,Ψ (n)] : [(e(1)E(1)): δ(1)] ;
[(b(2)
B(2)
): Φ(2)] ; . . . ; [(b(n)
B(n)
): Φ(n)] ;
z1, z2, . . . , zn
[(e(2)
E(2)
): δ(2)] ; . . . ; [(e(n)
E(n)
): δ(n)] ;


=
∞∑
m1,m2,...,mn=0
Ω(m1,m2, . . . ,mn)
z
m1
1
(m1)!
z
m2
2
(m2)! , . . . ,
z
mn
n
(mn)! , (1.8)
where, for convenience
Ω(m1,m2, . . . ,mn)=
∏A
j=1(aj )m1θ(1)j +m2θ(2)j +···+mnθ(n)j
∏B(1)
j=1(b
(1)
j )m1Φ
(1)
j∏D
j=1(dj )m1Ψ (1)j +m2Ψ (2)j +···+mnΨ (n)j
∏E(1)
j=1(e
(1)
j )m1δ
(1)
j
×
∏B(2)
j=1(b
(2)
j )m2φ
(2)
j
. . .
∏B(n)
j=1(b
(n)
j )mnΦ
(n)
j∏E(2)
j=1(e
(2)
j )m2δ
(2)
j
. . .
∏E(n)
j=1(e
(n)
j )mnδ
(n)
j
, (1.9)
the coefficients θ(k)j , j = 1,2, . . . ,A, Φ(k)j , j = 1,2, . . . ,B(k), Ψ (k)j , j = 1,2, . . . ,D, δ(k)j ,
j = 1,2, . . . ,E(k), ∀k ∈ {1,2, . . . , n}, are zero and real constants (positive, negative) [14,
pp. 270–272 (5–9,19–21)], and (b(k)
B(k)
) abbreviates the array of B(k) parameters b(k)j , j =
1,2, . . . ,B(k), ∀k ∈ {1,2, . . . , n}, with similar interpretations for others, and (aA) denotes
the array of A parameters given by a1, a2, . . . , aA and
[
(bB)
]
n
=
B∏
m=1
(bm)n =
B∏
m=1
Γ (bm + n)
Γ (bm)
, (1.10)
with similar interpretation for others.
The multivariable extension (1.8) is the generalization and unification of Srivastava’s
functions F (3) ([15, p. 69 (39,40)], see also [14, p. 44 (14)]) and F (4) ([9, p. 70 (2.5)], see
also [11, pp. 35–36 (1.2)]), Pathan’s functions F (4)P [6] and F (n+1)P [7], Appell’s functions
F1,F2,F3,F4 [15, p. 53], Humbert’s functions Φ1, Φ2, Φ3, Ψ1, Ψ1, Ξ1, Ξ2 [15, pp. 58,
59], Kampé de Fériet function FA:B;DE:G;H in the notation of Srivastava and Panda [15, p. 63
(16)] and Wright’s generalized hypergeometric function pΨq ([14, p. 21 (38)], see also [15,
p. 50 (21)]).
By making use of (1.2), (1.3), (1.6) and (1.7), many authors proved various generat-
ing functions in several complex variables. We obtain a general theorem on generating
functions by making use of a general class of a set of polynomials and the series iteration
technique. Many general families of other hypergeometric polynomials which are seem-
ingly relevant to the present investigation are also considered here.
M.A. Pathan et al. / J. Math. Anal. Appl. 285 (2003) 642–650 6452. Multiple series identity associated with generating functions
Theorem. Let {C(k1, k2, . . . , kr)} be a bounded multiple sequence of arbitrary complex
numbers, ∀km ∈ {0,1,2,3, . . .}, m = 1,2, . . . , r; z1, z2, . . . , zr are complex variables;
q1, q2, . . . , qr are positive integers; aA,bB, dD , λ1, λ2, . . . , λr are arbitrary numbers and
q , λ are given by (1.4), (1.5), respectively. Then
∞∑
n=0
[(aA)]n
[(eE)]n
(
qn∑
k1,...,kr=0
(−n)q [(bB)+ hn]λ
[(dD)q + gn]λ+q C(k1, . . . , kr)z
k1
1 , . . . , z
kr
r
)
tn
n!
=
{
A∏
j=1
Γ (aj )
}−1{ E∏
j=1
Γ (ej )
} ∞∑
k1,...,kr=0
C(k1, . . . , kr)z
k1
1 , . . . , z
kr
r (−t)q
× A+B+DΨE+B+D
[
(a1 + q,1), . . . , (aA + q,1),
(e1 + q,1), . . . , (eE + q,1),
(b1 + hq + λ,h), . . . , (bB + hq + λ,h),
(b1 + hq,h), . . . , (bB + hq,h),
(d1 + gq,g), . . . , (dD + gq,g) ;
t
(d1 + gq + λ+ q,g), . . . , (dD + gq + λ+ q,g) ;
]
(2.1)
=
∞∑
k1,...,kr=0
[(aA)]q [(bB)+ hq]λ(−t)qC(k1, . . . , kr)zk11 . . . zkrr
[(eE)]q [(dD)+ gq]λ+q
× A+Bh+DgFE+Bh+Dg
[
(aA)+ q, ∆[h; (bB)+ hq + λ],
(eE)+ q, ∆[h; (bB)+ hq],
∆[g; (dD)+ gq] ;
t
∆[g; (dD)+ gq + λ+ q] ;
]
(2.2)
provided that each multiple series involved, converges absolutely. In (2.1), g and h are
arbitrary constants and A+B+DΨE+B+D is Wright’s generalized hypergeometric function
[15, p. 50 (21)]. In (2.2), g and h are positive integers and A+Bh+DgFE+Bh+dg is gener-
alized Gaussian hypergeometric function [15, p. 42 (1)].
For brevity the notation ∆[m; (pP )] is used to denote the array of Pm parameters [15,
pp. 193–194] given by ∆(m;p1),∆(m;p2), . . . ,∆(m;pP ) and the notation ∆(m;b) de-
notes the array of m parameters given by b/m, (b+ 1)/m, . . . , (b+m− 1)/m; ∆(0;b) is
empty set, empty sum is treated as zero and empty product is treated as unity.
To prove (2.1) and (2.2), replace n by n+q in the left hand side and apply series identity
[15, p. 102 (17)]. Thus we get
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k1,...,kr=0
∞∑
n=0
[(aA)]n+q tn+q
[(eE)]n+q
(−1)q
n!
[(bB)+ hn+ hq]λ
[(dD)+ gn+ gq]λ+q C(k1, . . . , kr )z
k1
1 . . . z
kr
r
=
∞∑
k1,...,kr=0
[(aA)]q [(bB)+ hq]λ(−t)q
[(eE)]q [(dD)+ gq]λ+q C(k1, . . . , kr)z
k1
1 . . . z
kr
r
×
∞∑
n=0
[(aA)+ q]n[(bB)+ hq + λ]hn[(dD)+ gq]hn
[(eE)+ q]n[(bB)+ hq]hn[(dD)+ gq + λ+ q]gn
tn
n! (2.3)
=
∞∑
k1,...,kr=0
C(k1, . . . , kr )z
k1
1 . . . z
kr
r (−t)qΓ (e1)Γ (e2) . . .Γ (eE)
Γ (a1)Γ (a2) . . .Γ (aA)
×
∞∑
n=0
tn
n!
Γ (a1 + q + n) . . .Γ (aA + q + n)
Γ (e1 + q + n) . . .Γ (eE + q + n)
× Γ (b1 + hq + λ+ hn) . . .Γ (bB + hq + λ+ hn)
Γ (b1 + hq + hn) . . .Γ (bB + hq + hn)
× Γ (d1 + gq + gn) . . .Γ (dD + gq + gn)
Γ (d1 + gq + λ+ q + gn) . . .Γ (dD + gq + λ+ q + gn) . (2.4)
Now applying the definition of Wright’s generalized hypergeometric function in (2.4),
we get the right hand side of (2.1). If we assume that g and h are positive integers, then
applying Gauss multiplication theorem [14, p. 17 (15)]
(λ)mn =mmn
(
λ
m
)
n
(
λ+ 1
m
)
n
. . .
(
λ+m− 1
m
)
n
(where m is a positive integer and n= 0,1,2, . . .) in the right hand side of (2.3), and then
after simplification, we get right hand side of (2.2).
3. Applications
With a view to obtaining numerous families of generating functions, we first observe
that for A= B =D = 1, E = 0, a1 = a, b1 = b and d1 = d , (2.1) reduces to
∞∑
n=0
(a)n
(
qn∑
k1,k2,...,kr=0
(−n)q(b+ hn)λC(k1, k2, . . . , kr)zk11 . . . zkrr
(d + gn)λ+q
)
tn
n!
= 1
Γ (a)
∞∑
k1,k2,...,kr=0
C(k1, k2, . . . , kr)z
k1
1 . . . z
kr
r (−t)q
× 3Ψ2
[
(a + q,1), (b+ hq + λ,h), (d + gq,g) ;
t
(b+ hq,h), (d + gq + q + λ,g) ;
]
. (3.1)
By setting d = b = 1+α and h−1 = g = β in (3.1), we immediately obtain the generating
relation
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n=0
(a)nΩ
(α,β)
n [λ1, . . . , λr ; q1, . . . , qr; z1, . . . , zr ]
tn
n!
= 1
Γ (a)
∞∑
k1,k2,...,kr=0
C(k1, k2, . . . , kr)z
k1
1 . . . z
kr
r (−t)q
× 3Ψ2
[
(a + q,1), (1+ α + (1 + β)q + λ,1 + β), (1 + α+ βq,β) ;
t
(1+ α + (1 + β)q,1+ β), (1+ α + βq + q + λ,β) ;
]
,
(3.2)
where Ω(α,β)n [λ1, . . . , λr ; q1, . . . , qr; z1, . . . , zr ] is Srivastava–Buschman polynomial
given by (1.2).
Similarly, by setting b= d − 1 = α and h− 1 = g = β in (3.1), we obtain
∞∑
n=0
(a)nΛ
(α,β)
n [λ1, . . . , λr ; q1, . . . , qr; z1, . . . , zr ]
tn
n!
= 1
Γ (a)
∞∑
k1,k2,...,kr=0
C(k1, k2, . . . , kr)z
k1
1 . . . z
kr
r (−t)q
× 3Ψ2
[
(a + q,1), (α+ (1 + β)q + λ,1 + β), (1+ α + βq,β) ;
t
(α+ (1 + β)q,1+ β), (1 + α+ βq + q + λ,β) ;
]
, (3.3)
where Λ(α,β)n [λ1, . . . , λr ; q1, . . . , qr ; z1, . . . , zr ] is another Srivastava–Buschman polyno-
mial given by (1.3).
In (3.1), put h= 1, g = 0, d = b, λ1 = q1, . . . , λr = qr , that is, λ= q , and get
∞∑
n=0
(a)n
(
qn∑
k1,...,kr=0
(−n)q(b+ n)q
(b)2q
C(k1, . . . , kr)z
k1
1 , . . . , z
kr
r
)
tn
n!
=
∞∑
k1,...,kr=0
(a)q
(b)q
C(k1, . . . , kr)(−t)qzk11 , . . . , zkrr 2F1[a + q, b+ 2q; b+ q; t].
(3.4)
Making use of the Euler’s linear transformations ([15, p. 33 (19,20)] and [8, p. 60 (4)])
of 2F1 in (3.4), we are led to the generating relations
∞∑
n=0
(a)n
(
qn∑
k1,...,kr=0
(−n)q(b+ n)qC(k1, . . . , kr)zk11 , . . . , zkrr
22q
(
b
2
)
q
(
b+1
2
)
q
)
tn
n!
= (1− t)−b
∞∑
k1,...,kr , n=0
(a)q(b)2q+n(b− a)n
(b)q+n
(
b
2
)
q
(
b+1
2
)
q
C(k1, . . . , kr)z
k1
1 , . . . , z
kr
r
×
( −t
2
)q( −t )n 1 (3.5)
4(1− t) 1 − t n!
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∞∑
k1,...,kr=0
(a)qC(k1, . . . , kr)z
k1
1 , . . . , z
kr
r
(b)q
( −t
1 − t
)q
× 2F1
[
−q, a+ q; b+ q; −t
1− t
]
. (3.6)
Setting h = 1, g = 0 and λ1 = q1, . . . , λr = qr , that is, λ = q , and applying Euler’s
linear transformation for resulting 2F1, (3.1) reduces to
∞∑
n=0
(a)n
(
qn∑
k1,...,kr=0
(−n)q(b+ n)qC(k1, k2, . . . , kr)zk11 . . . zkrr
(d)2q
)
tn
n!
= (1− t)−b
∞∑
k1,...,kr=0
(a)q(b)2q
(b)q(d)2q
C(k1, k2, . . . , kr)z
k1
1 . . . z
kr
r
×
( −t
(1− t)2
)q
2F1
[
b+ 2q, b− a; b+ q; −t
1 − t
]
. (3.7)
In terms of the generalized hypergeometric polynomials pFq [15, p. 42 (1)], by setting
r = 1, q1 = 1, b = a, C(k1)= [(gG)]k1/([(hH )]k1k1!) in (3.7), and replacing z1 by 4z, we
get
∞∑
n=0
(a)n G+2FH+2
[−n,a + n, (gG); ∆(2;d), (hH); z] tn
n!
= (1− t)−a G+2FH+2
[
∆(2;a), (gG); ∆(2, d), (hH ); −4zt
(1− t)2
]
, (3.8)
which is a well known result of Chaundy ([1, p. 62 (26,27)], see also [15, pp. 138–139
(9)]). The result (3.8) is a generalization of a well known result of Fasenmyer ([3, p. 806
(1)], see also [15, pp. 182–183 (41)]).
In (3.5), setting r = 3, q1 = q2 = q3 = 1, that is, q = k1 + k2 + k3, and the bounded
sequence
C(k1, k2, k3)= [(dD)]k1+k2+k3 [(gG)]k1+k2[(lL)]k2+k3[(pP )]k3+k1[(eE)]k1+k2+k3 [(hH )]k1+k2 [(mM)]k2+k3 [(sS)]k3+k1
× [(uU )]k1[(wW)]k2[(jJ )]k3[(vV )]k1[(iI )]k2[(cC)]k3k1!k2!k3!
,
we get
∞∑
n=0
F (3)
[−n,b+ n, (dD) :: (gG) ; (lL) ; (pP ) ; (uU ) ; (wW) ;
∆(2;b), (eE) :: (hH ) ; (mM) ; (sS) ; (vV ) ; (iI ) ;
(jJ ) ; z1
4 ,
z2
4 ,
z3
4(cC) ;
]
(a)n
tn
n!
= (1 − t)−bFD+G+L+P+2:U ;W ;J ;1E+H+M+S+3:V ;I ;C;0
( [a: 1,1,1,0], [b: 2,2,2,1] ,
[b: 1,1,1,1], [ b : 1,1,1,0], [ b+1 : 1,1,1,0] ,2 2
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[(eE): 1,1,1,0], [(hH ): 1,1,0,0], [(mM): 0,1,1,0] :
[(pP ): 1,0,1,0] ; [(uU): 1] ; [(wW): 1] ; [(jJ ): 1] ;
[(sS): 1,0,1,0] ; [(vV ): 1] ; [(iI ): 1] ; [(cC): 1] ;
[b− a: 1] ; −z1t
4(1−t )2 ,
−z2t
4(1−t )2 ,
−z3t
4(1−t )2 ,
−t
(1−t ) ,
— ;
)
. (3.9)
In (3.1), setting g = β , d = 1+α, h= 0 and λ1 = λ2 = · · · = λr = 0, that is, λ= 0, and
replacing C(k1, . . . , kr) by C(k1, . . . , kr)/(k1! . . . kr !), we get
∞∑
n=0
(a)n ∆
(α,β)
n [q1, q2, . . . , qr; z1, z2, . . . , zr ]
tn
n!
= 1
Γ (a)
∞∑
k1,...,kr=0
C(k1, . . . , kr)z
k1
1 . . . z
kr
r
k1! . . . kr !
× (−t)q 2Ψ1

 (a + q,1), (1+ α + βq,β) ; t
(1 + α + βq + q,β) ;

 , (3.10)
where ∆(α,β)n [q1, . . . , qr ; z1, . . . , zr ] is Srivastava’s polynomial defined by (1.6) and α,β
are arbitrary complex numbers independent of n.
In (3.1), setting h = g = 0, d = 1 + α and λ1 = λ2 = · · · = λr = 0, that is, λ = 0,
replacing C(k1, . . . , kr) by (β1)k1 . . . (βr)kr /(k1! . . . kr !) and applying the results [14, p. 21
(40), p. 20 (29)], we get
∞∑
n=0
(a)nΘ
(α,β1,...,βr )
n [q1, q2, . . . , qr ; z1, z2, . . . , zr ]
tn
n!
= (1− t)−a
∞∑
k1,...,kr=0
(a)q(β1)k1 . . . (βr)kr z
k1
1 . . . z
kr
r
(1+ α)qk1! . . . kr !
( −t
1 − t
)q
, (3.11)
where Θ(α,β1,...,βr )n [q1, . . . , qr ; z1, . . . , zr ] is a generalization of Lauricella polynomials of
Srivastava given by (1.7).
Furthermore, by specializing the parameters, coefficients C(k1, . . . , kr) and variables, it
is easily seen that (3.1) would give rise to well known results of Cohen ([15, p. 180, 36(i)],
see also [2, p. 121]), Pasternack ([15, p. 184 (43)], see also [5]), Rainville [8, p. 256 (10)]
and Khandekar ([15, p. 139 (12)], see also [4, p. 158 (2.3)]).
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